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1 Introduction 



Recently, String theories on AdS 3 space has attracted much attention J|, ^ [| [L8|, |2(], |21 



|22| , [23|, [24]]. In ref. 0, Maldacena has conjectured that a type IIB superstring theory on AdSd+i 
is dual to a superconformal field theory living on the d-dimensional boundary of AdS^+i, which 
is a compactified Minkovski space. A more precise statement on the AdS /C FT correspondence 
is give in refs. []2], [| , which relate the boundary values in the former theory to the source terms 
in the later. Some well studied examples of the AdS /C FT correspondence are the cases of 
AdS$ and AdS^. On each boundary resp., one finds a 4d N = 4 superconformal Yang-Mills 
theory in the former case, and a 2d N = 4 superconformal field theory in the later. In order 
to substantialize Maldacena's conjecture, a better understanding on the physical contents of 
the SCFT living on the boundary of AdS space is required. While for the case of AdS 5 , our 
knowledge is limited on computing the physical correlators in N = 4 superconformal Yang-Mills 
theory, the case of AdS 3 space should provide a better test ground, thanks to the conformal 
Ward identities of 2d nature, which involves infinitely many conserved charges. Hopefully, the 
techniques developed in solving the AdS^/CFT correspondence can be eventually generalized 
to the cases of higher dimensional AdS spaces. 

Presently, there are two main approaches to formulate string theories on AdS% space, anal- 
ogous to the development of the superstring theories by the NSR and GS formalism. 

(1) As for the NSR formalism, a quantization procedure on AdSs space is given in ref.@], in 
which, the spacetime superconformal generators are constructed and some physical states given. 
The advantage of the NSR formalism is its manifest covariance and worldsheet superconformal 
invariance. The disadvantage is that the spacetime supersymmetry is not manifest and it is 
difficult to couple it to the R-R charged background. Another disadvantage is that the physical 
state content is not manifest and deserves a careful BRST cohomology analysis. 

(2) For the case of Green-Schwarz type superstring on AdS 3 space, a k symmetry invariant 
action and its simplified (k, symmetry fixed) version are given in refs.[|, |9||] In the Green- 
Schwarz formalism, the spacetime supersymmetry is manifest, and both NS-NS and R-R back- 
ground can be charged. However, due to its high non- linear ality, the quantization procedure 
for the present case is not known, even for its simplified version. Therefore, both worldsheet 
and spacetime superconformal invariance are not obvious at the quantum level. 

The purpose of the present paper is trying to make a connection between the two independent 
approaches. Our starting point is the NSR formalism. After fixing the conformal gauge, there 
are still residual conformal gauge symmetries, which are responsible for getting rid of negative 
norm states and make the string theory unitary. The usual covariant quantization is to enlarge 
the Hilbert space to include the reparametrization ghosts, and the negative norm states decouple 
from the physical state space which are BRST invariant. The underlying spacetime field theory 
should only depend on the physical degrees of freedom, which are transversal to the longitudinal 
ones. However, there are no prescribed "longitudinal" and "transversal" directions in the 
Hilbert space, each choice should give the equivalent string theory as ensured by the conformal 



invariance. 



In contrast, in light-cone gauge quantization, the conformal gauge symmetry is completely 
fixed, and one has to make a definite choice on which are the longitudinal degrees of freedom 
and which are the transversal ones. In flat spacetime, the light-cone gauge choice is made to 



3 The nonlinear a model on coset space so^V)^so{h) are ^ rs ^ P ro P ose d to describe superstring theory on 
AdSs space. For more details, see refs. [[7). The AdS '3 case is a generalization from that in ref. 0. 



align worldsheet "time" direction along a light-cone coordinate in the spacetime. In our AdS^ 
case things are more complicated, since, generally in curved spacetime there can be no flat 
directions along which light moves freely. 

In the present paper, we shall propose a way to resolve such kind of problems. The point 
is that at the AdS% boundary, one can find a flat light-cone direction, and at the vicinity of 
the boundary, the term which curve the space-time is really the screening charge, which can 
be perturbatively expanded as what are usually done in the calculations of the correlators in 
WZNW models, cf. ref.f 



To justify our approach to the quantizations of string theories on AdS% space, we have 
checked the following consistency conditions: 

(1) The spacetime superconformal algebra proposed in ref.|^], when re-expressed in our 
transversal degrees of freedom after the light-cone gauge choice is made, is closed. The confor- 
mal anomaly agrees with that given in ref.PJ, provided the worldsheet conformal anomalies c 
equal 26 resp. 15 for bosonic string resp. superstring. 

(2) In string theories on AdS% space, there is a flat time direction which is dual to the J 3 
in sl(2,R) current algebra. Our light-cone gauge choice is the same as choosing this flat time 
direction combined with another flat space direction to form a light-cone. Since there exist 



unitary representations in SL(2,R)/U(1) conformal field theory, cf. ref.[12], the unitarity of 
the string theory is ensured, provided the non-AdS^ part is made of unitary conformal field 
theories. 

Using the light-cone gauge quantization to get rid of the unphysical degrees of freedom, we 
recover the spacetime superconformal algebra in terms of the physical transversal degrees of 
freedom. By this method, we find that the spacetime superconformal field theory is described 
by the orbifold theory on the target space s y m p ( ~ Mu °^ illeXSsxT ) ; anc i spacetime supersymmetry 
is realized in a nontrivial way. By the similar procedure, the GS superstring theory on AdS% x 
S3 x T 4 with NS-NS background ||, can be quantized in the light-cone gauge, giving the 
same spacetime superconformal algebra as the NSR superstring theory. The generalization of 



our procedure to the case of R-R charged background is also currently under investigation. fl25 

The present paper is organized in the following way. In section 2, we review the NSR 
formalism of the bosonic string theory on AdS% x A/", and give a description of how to make 
the light-cone gauge choice and what the spacetime conformal field theory is. 

In section 3, we generalize the light-cone gauge quantization procedure to the case of 
fermionic string. A consistent quantization procedure, which makes light-cone gauge choice 
possible, is given. 

In section 4, the explicit construction of the spacetime N = 4 su(2) extended superconformal 
algebra is given in terms of fields living in transverse spacetime. 

In section 5, we quantize the Green-Schwarz type superstring theory on AdS% x S3 x T 4 
spacetime with NS-NS background. 

In section Conclusions and Discussions, we speculate on how to calculate one loop partition 
functions and what could be further done using our generalized light-cone gauge quantization 
procedure. 

Appendix A is devoted to clarify our conventions, in particular for the spinors in AdS% space, 
as well as the relation between the N = 2 spacetime SUSY algebra su(l, 1 1 2) 2 and the global 
part of the N = 4 spacetime SCA. 



2 Bosonic String Theory on Ad S3 Space 



2.1 String Action and Light-Cone Gauge Quantization 

AdS 3 space is a hypersurface embedded in flat 1Z 2 ' 2 , 

- X\ + X 2 + X 2 - X\ = -I 2 (1) 

with the induced metric 

ds 2 = -dX\ + dX 2 + dX 2 - dX\ (2) 
It admits the sl(2,R) x sl(2,R) Lie algebra as its isometry generators, 

\Jaf3) Jfp\ 1]apJf3'Y T]f3 / yJap ^]ppJorf "Qa^Jpp (3) 

where r\ a p is the flat metric diag(—l, 1, 1, —1). Let 
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The Commutators eq.(|3|) become now 

[JV B ] = iVcne ABC J D 

[J\J B ] = iVc D e ABC J D (5) 
[J A ,J B ] = 

In conformal field theory, the J A 's resp. J A 's are just the zero modes of the afhne sl(2,R) x 
sl(2,R) Lie algebra at level k generated by worldsheet holomorphic currents J A (z) resp. anti- 
holomorphic ones J A (z), satisfying the OPE: 

WH = p^ll + ^ ABC J D + (6) 

[z — w) z z — w 

where A,B,C,D=1,2,3 and tjab = diag(+-\ — ), and similar OPE for the anti-holomorphic ones. 

It is convenient to choose the independent coordinates on AdS 3 space as 

X 2 + iXi (7 , 

X 2 - iX x 

7 : 



X-i + X 3 
logjX-i + Xs) 
I 



Then the metric tensor becomes 



ds 2 = l 2 {dct) 2 + e^cfyfy) (8) 

As given in ref.Q, the Lagrangian for the bosonic string theory on AdS% x M with NS-NS 
background is 

£ = d<f)d<f) - —R (2) <p + (38-1 + /3<9 7 - ppexpi — -<p) + C N (9) 

where a + 2 = 2k — 4, k = L, Cn is the contribution from manifold M. The conformal weights 
of /3,7 are 1, respectively. 

The conformal invariant term J (3(3exp(—^-) in the action represents the screening charges in 
the calculations of the correlators in the WZNW theory. Treating it as a perturbation term, 
then the classical equations of motion for 7, /3, <fi become free ones. The OPE of these fields are 

0(z)0(o) = -log(z) + (10) 

0(*)7(O) = - + 

and others are regular. 

The si (2, R) current algebra can be represented by 

J 3 = f3 1 + ^d<P 

J + = (3-f 2 + a+7<90 + kd-f (11) 
J- = P 

Here, J + = J 1 + 1J 2 , J- = J 1 - U 2 . 

The energy-momentum tensor is given by Sugavara construction: 

T = -ld(f)d0 + pd-f - — d 2 (j) + T N (12) 
2 a + 

where T/v is the energy-momentum tensor coming from the manifold M . 

1 r 3/3cxp( 2 ^ ) 

When is large, we can perturbatively expand the term e J "+ as screening charges. 

That means the string is really located in the neighborhood of AdS% boundary — > 00). 
Module possible contractions with screening charges in the correlators, 7 can be treated as a 
holomorphic field with conformal weight 0. By conformal invariance, we can transform 7 into 
a desired form containing no string excitations. It is convenient to make our light-cone gauge 
choice as follow: 

7 = e q z p (13) 

Here, the momentum p — § 7~ x (z)d'-f(z) equals the number of times the string winds in the 7 
space, thus must be an integer. And e q represents the center of mass coordinate of the string, 
is not an important factor, since it can always be scaled away by a dilation in z, z — > e q / p z. If 
the context is clear, we can always set q = 0. However, keeping the factor e q can remind us 
that 7 is in fact a worldsheet scalar, since e q adds conformal weight p to the vacuum. 

Fixing 7 we can solve the constraint T = 0, where T is defined in eq.(|T2D, for /3: 

P(z) = -e^z^d^d^z) + —d 2 <P{z) - T N (z) + % (14) 
p 2 a + z A 



where A is a normal ordering constant. 

To justify this as the right light-cone gauge choice and that the transversal degrees of freedom 
is ghost free, let us first bosonize the f3, 7 system. 



^) — e <t>i(z)+4>2(z) 

/3(z) = -dHz)e~ Mz) ~ Mz) 

(f)(z) = H z ) 

(z)<f>j(w) = r)ijlog(z-w) 

rjij = Diag{\, -1, -1} 



(15) 



J 3 (z) and the stress tensor can be expressed in terms of (f>i(z) field as 



J\ z ) = -d<j> 2 (z) + -a + dfo{z) 

T{z) = \^d^z)d^z) - \d 2 \Uz) + 4> 2 {z) + —Mz) 
2 2 a + 



(16) 
(17) 



It is convenient to make an 0(1, 2) transformation on the scalar fields, 
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which can be solved to give 
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In terms of &i(z) fields we have 
J\z) = 



T{z) 
l(z) 
P{z) 
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(20) 
(21) 
(22) 
(23) 



And the screening charge becomes now. 



11 = j dz(3(z)e~^ Hz) = ^dzJ^d^ 1 (z)e 



(24) 



where we have dropped a total derivative term. 



From the stress tensor eq.(£n]), we see that there are two flat spacetime directions, <3>i and 
$2, the former is space-like, and the later, which is dual to the current J 3 , is time-like. Using 
the residual conformal invariance in the conformal gauge, we can transform the worldsheet 
"time" direction parallel to the coordinate $ + (z, z) = $1(2;, z) + $2 (z, z), i.e. 

<$> + (z,z) = 2q + + 2p + r (25) 



From eq.(|T%|) we have 4>\ + 4>2 $1 + $2- We find that making $! + $ 2 the light-cone 
coordinate is equivalent to making 7(2) in the form given by eq. ([l3|) , where + = 0i + 02 
is fixed to be + = 2q + 2pr. It is well known that there exist unitary representations in 



SL(2, R)/U(l) coset space theory with £7(1) corresponding to the time-like direction JT2|. We 



conclude that the transversal physical space is ghost free provided the conformal field theory 
from M is unitary. 



2.2 Spacetime Virasoro Algebra in Light-Cone Gauge 

At the AdS 3 boundary, <fi — > 00, the action given by eq.(^) is invariant under spacetime confor- 
mal transformations: 



7 - /( 7 ) (26) 

7 - f(l) (27) 

P - /5/ / (7)- 1 + W'( 7 )- 1 (28) 

P - M\l)- l + Hf"(i)- 1 (29) 

- 4>-^log(f(i)f'm (30) 

The Virasoro algebra, generated by the conformal transformations on the boundary of AdS 3 
space, is constructed in ref.f|] as 

L n = - <fdz[(l - n 2 )J 3 7 n - n(n ~ 1} J- 7 n+1 + n(w + 1) J V" 1 ] (31) 



The spacetime conformal transformations act on the physical space of the string theory, 
which are invariant under worldsheet conformal transformations. Thus, it is possible to express 
the spacetime Virasoro generators in terms of fields in transversal dimensions. Substituting 
our light-cone gauge choice, eqs. (|T3"|, |H| ) into eq.(|3"I|) for the spacetime Virasoro generators, we 



have 

(—O0O0 iJ-o+ I \ - ^ L ' 



L n = Idz{-(-\d(Pd<P-—d 2 + T N --)e nq z np+1 -^(n + l)d<j ) e n ' } z np } (32) 
J p 2 a + z z 2 

= I dz{-\--d<f>d<t> - (— - — )d 2 (f) + T N - 4]e n ^ np+1 - ft+(p " 1) %^" i) } 
J p 2 a + 2 z 2 2p 



Using the OPE of Xjv an d , it is ready to check that that the L n 's in the light-cone gauge 
constructed above close a Virasoro algebra 

[L n , L m ] = n{n 2 - 1)— 5 m+nfi + (n - m)[L n+m + S n+mfl (- + —)} (33) 



with 



12 ^ p 

where is the central charge of T N . 



c N + l + 12(— - ^±) 2 (34) 

C7V + 1 + ^2 1 

(p--)-(p-l) (35) 



If we shift L by | + — , eq. (|33|) becomes the standard form of the Virasoro algebra with 
central charge cp. 

In covariant quantization, the central charge of this spacetime Virasoro algebra is 6kp, so to 
get rid of spacetime anomaly we must set cp = 6kp. This condition fixes the worldsheet center 
charge for the string theory to be 

1 . . 

Cstring = C N + 3 + 12 - = 26 (36) 

where a + 2 = 2k — 4. 

That means when the string propagates in critical dimension, its light-cone gauge quantiza- 
tion could be equivalent to the covariant one. In critical dimension, the light-cone gauge fixed 
Virasoro generators should close the same algebra as the covariant one, i.e. the shift of L Q 
should be 0, or A = — Then the Virasoro generators of spacetime CFT can be written as 



L np + —{p - -)S n>0 (37) 



r _ 1= c 1 
p 24 p 

where 

L m =l dz[T N - h<t>d<l> - (— - ^±)d 2 (f>]z m+1 (38) 
J I a + I 

i 

We shall show below that eq.([37|) defines a conformal transformation: z — > w = zp 

r W = M,))'T W ^[f-^n (39, 

Only the term with integer power of z are well defined on the z complex plane closing a Virasoro 
Algebra. Hence 



dzT(z)z n+l (40) 

- / dwT(w)w pn+1 + ^-(p--)6 nfi 
V J 24 v 



p J /4 p 

-L pn + —(p--)5 ni0 



which agrees with eq. (|T7D . 



SyrripM 



In fact, eq.(|37D suggests that the spacetime CFT is an orbifold theory on the target space 



Z( , , see subsection £l| for detailed discussions. 



3 Light-Cone Gauge Quantization of Fermionic String 
Theory on AdS^ 



The light-cone gauge quantization for bosonic string theory on AdS% space discussed in the 
previous section is ready to be generalized to the fermionic case. For fermionic string theory on 
the group manifold, the worldsheet supersymmetry is achieved by considering super WZNW 
theory For each bosonic current, we associate a fermionic partner, which is a worldsheet 
real fermion field and living in the adjoint representation of the finite dimensional Lie algebra. 

For fermionic string theory on AdS$ space, the affine sl(2,R) currents pertaining to the 
AdSs space can be written as 

J A = j A - i\e A BC ^ C (41) 
which satisfy OPE eq.@. Here we use the convention as in ref. Q 

<^)V>»> = (42) 
z — w 

The worldsheet supercurrent G and the energy-momentum tensor are 

G(z) = l( VAB ^ A j B -^e ABC ^ B ^ c ) + G N (43) 
T(z) = ^(j A U -ij A dij A ) + T N 

Set 

J+ = J l +iJ 2 r = J x -iJ 2 

j+ = f+if j~ = j 1 — ij 2 (44) 

ip + = ip + iip 2 = ip 1 — iip 2 

j A 's can be represented as in eq.flnp, but now with a + 2 = 2k. 

For light-cone gauge quantization, it is convenient to use another set of free fermion fields 

'ijj 3 = ip 3 — ip~^ 

■xp + = ip + + V>"7 2 - 2^ 3 7 (45) 



And define 



We then have 



P = (3-r^~^ 3 (46) 
k 



$\z)$\w)) = (iP 3 (zU 3 (w)) = (47) 

z — w 



^ + {z)r{w)) = (^ + (z)^-(w)) ' 



z — w 



and 

0(z)$ A (w)) = (48) 



z — w 



Using these fields, the supercurrent and the energy-momentum tensor for the worldsheet 
CFT can be written as 

G = ^(^ + /3-^ 3 90+^^ 7 )+G iV (49) 

T = (fidj - -d(j)d<f) - — d 2 (t))-\{-i) z di) z + \i) + di)~ + \i)~di) + )+T N 
2 ot + k 2 2 

The spacetime Virasoro algebra for fermionic string theory on AdS$ space is defined in ref . [Q 

L n = -/^/^G(,)[(l-n 2 )^ (50) 

^ T s n . n(n - 1) +1 n(w + l) + ^ 



Here 



dw[(i - n -yv + - - n ' J'-r 1 + - ' 



k 2 fc 

J + = j + + ^-^- = (/57 2 + a +7 90 + ^7) + -^ + (^-7 + ^ 3 ) (51) 

In light-cone gauge quantization, similar to what we have done in the bosonic case, we set 

7 = e q z p (52) 

Making our gauge choice worldsheet supersymmetry invariant requires the OPE between G and 
7 be regular, so at the same time we set 

i> + = (53) 



Now we can solve the constraints G = 0,T = 0, where G, T are defined in eq . (f44|) , for ip 
and (3. 



e H z 



e 



- q z l ~P A„ .„ , 1 o , 1 ~ q ~ 9 „ A, 



/? = — : \^d4>d(j) + — d 2 <J) - -^d^ - T N + — ] (54) 

p 2 a + k z z 



Substituting eq. (|54|) into eq. (|50|) , the spacetime Virasoro generators become 

,„ = I dz[-(--d(j)d(j) - — d 2 (j) + T M + \^d^ - 4)e n9 2 np+1 - — (n + l)<9</>e n<z z np ] (55) 
j p 2 a+ fc 2 



Comparing eq.(^) for the fermionic string theory with eq.(^) for the bosonic case, we find 
one more term containing ip 3 coming from AdS^ part, and a + 2 = 2k now. 



Similar to the bosonic case, if we require the L n defined in eq.(55|) close the same spacetime 
algebra as the covariant one with central charge c = 6kp, then we must have 

1 3 

Cstring = C N + 3 + 12( -) + - = 15 (56) 

I c N + l + £ + \ 
A = --[ ^ (P 2 -1)-(P 2 -P)} (57) 

That agrees with the fact that the critical dimension of Fermionic string is 10. 



4 N = 4 Spacetime SCFT 

For the superstring theory on AdS% space, because of spacetime supersymmetry, the CFT on the 
AdS 3 boundary is in fact a superconformal field theory (SCFT). For definiteness, we consider the 
spacetime manifold to be AdSz x S 3 x T 4 as an example. The spacetime N = 2 supersymmetry 
algebra coming from AdS% x S 3 is the global part of the N = 4 su(2) extended superconformal 
algebra [ ID , |TT| for the SCFT on the AdS% boundary. In the following subsections, we shall 
first construct the iV = 4 SCA explicitly in term of physical transversal degrees of freedom, 
and then find out the target space in which a possible iV = 4 nonlinear a models may live. 



4.1 Construction of iV = 4 Superconformal Currents 

The affine su(2) algebra in the spacetime N = 4 SCFT is lifted from the worldsheet su(2) cur- 
rents pertaining to the 5*3 group manifold. For SU(2) super WZNW theory JT3"], the worldsheet 
current algebra can be represented as 

K A = k A + ^ a a^p (58) 

, Mlii/ , (k'-2)/2 5 AB ie ABC k c 

k A {z)k B {w) = ^- — , -^— 9 — + + 59 

(z — w) z z — w 

K A (z)K B (w) = J- + 



[z — wr z — w 



Here, k A 's are orthogonal to the ip A fields. The zero modes of the affine su{2) currents K A (z)'s 
represent one factor of the 5*0(4) symmetry on the manifold S 3 . The spacetime affine su(2) 
algebra is defined in ref . 

K A = <f K A {z)Y l dz (60) 



In the light-cone gauge, it becomes simply 

K A = I K A (z)e nq z pn dz = e nq K A p (61) 
It is clear that K A 's form a affine su{2) Lie algebra with level k space = pk'. 



In eqs.( p5| , |5TD , we have constructed the spacetime Virasoro generators L n and the affine 
su{2) Lie algebra in the light-cone gauge. In order the spacetime N = 4 SCA close, we still 
need to construct the spacetime supercurrents in the light-cone gauge. In ref.f|, the global 
part of the N = 4 spacetime superconformal algebra is constructed by covariant quantization, 
which involves worldsheet superconformal ghosts and picture changing techniques. The full 
N = 4 superconformal algebra can be generated by commuting G^'s with either L n or the J^'s. 
However, such construction can not be converted into constructing the supercurrents in the 
light-cone gauge. The reason is in the later case, the spacetime supercurrents should involve 
only the physical degrees of freedom, into which we do not know yet how to transform the 
worldsheet ghost part. 

Now it is clear that if our light-cone gauge choice, eqs.(|5^-|54|), works, we should be able to 



construct the spacetime supercurrents in the N = 4 SCFT in terms of the transversal degrees of 
freedom. The superconformal algebra should close with the Virasoro generators and the affine 
su(2) algebra given by eqs. (|55| , |6lD . It turns out that indeed there exists a unique expression for 
the spacetime supercurrents and now we proceed to construct them. 

First, we set q = and p = 1, that means the bosonic part of target space is just one copy 
of M-Liouviiie x S 3 x T 4 . The p ^ 1 case can be generated form the case p = 1 just as in the 
bosonic string theory. 



It is well known that the N = 4 SCA admits a so(4) = su(2) x su(2) automorphism [|Tj, |10 |. 
In our case, the first sit (2) comes from the S3 part, the second su(2) comes from one factor 
su(2) of the so(4) acting on T 4 . We first decompose our N = 4 SCA into representations of 
the su{2) x su{2) automorphism. The Virasoro generators, eq. (|55|) belongs to (0,0) and the 
affine su(2) generators, eq.(|6lD are in the (1, 0) The supercurrent G Q 's belong to the (|, |). To 
see the action of the su(2) x su(2) on the G a 's, it is convenient to write G Q 's in terms of real 
components G A 's 



G x = G° + iG 3 (62) 
G 2 = G 2 + iG l 



Define a matrix (G AB ^j to be 



G=iGA<TA= \&X% % + -f& J-' ^~ ^ ) (63) 

Here, a 1 , i — 1, 2, 3 are the Pauli matrices, 

"""(J J). 1 n I (64) 
a is proportional to identity matrix, 

°° - ( n • ) (65) 





and <ja = (o" A )*- Then it is clear that the first su(2) acts on G by left group action, and the 
second su(2) by right. 

Now we also need to decompose the fields living in the transversal space into the represen- 
tations of the su(2) x su(2) automorphism. The Liouville field <p an d its super partner (^ 3 ) 



from the AdS^ is in the (0, 0). The K A, s and their super partner x A ' s are i n the (1, 0). Finally, 
from T 4 , we have the u(l) currents dX N, s and their super partner A^'s for = 1, 2, 3 in the 
(0, 1) and dX°, X° in the (0, 0). Since the spacetime supercurrents G Q 's are spacetime spinors, 
and the worldsheet fermions are spacetime vectors, we first need to transform the later into 
spacetime spinors. This can be done by the usual bosonization procedure. 
Define 




e^ 1 



= e ^ 



X~ = e~* (66) 
A 3 + *A° = 
A 3 -*A° = e 
X Y +iX 2 = e 4 
A 1 - iX 2 = e 

Then we can construct the su(2) x su(2) generators acting on these fermions in term of A 's 



t> 3 

P 3 

■/,4 



j~ = f (e* + e" )e~ lp 

f = jdcj> 2 (67) 

k+ = j e f\e* 3 + e"^ 3 ) 

fc" = j(e^ + e-^)e-* 4 

k 3 = j>d<p A 

Using the 4> A fields and considering the representations of the j a 's and k a, s, we can construct 
a set of worldsheet fermion fields which are also spacetime spinors 

(68) 



V>1 


_ g|(^l+</'2+«!'3+^4) 




= e |(-^l-<^2-^3-04 




= e |(-^l~^2+^3+<}!'4 


^2 


— g§(01+02-03-^4) 


Xi 


= e |(-^l+^2+^3-04 


Xi 


— e |(<^l-^2-<^3+</>4) 


X2 


— e \{4>i-4>2+4>3-4>i) 


X2 


= e ^(-<f > l+<f>2-(f>3+(f>4 



The OPE of ip a , Xa are 



^ a (^( w ) = + (69) 

X«(*)*/jH = + (70) 

z — w 



and all others are regular. 

For free fermions Xa in (f , 5), and u(l) currents in (0, 0) and (0, 1) from T 4 part, it is easy 
to construct a iV = 4 SCA with c = 6, cf.lITOfl 



Gt = X id(X 3 + 1X ) - ^(X 1 + 1X 2 ) (71) 

G l = X id(X 3 - tX°) + X 2d(X 1 - 1X 2 ) 

G 2 = X 2d(X 3 + iX°) + xidiX 1 + 1X 2 ) 

G 2 = x 2 d(X 3 - iX°) + xid(X l - 1X 2 ) 

K A = \xo A X 

T = --dX N dX N + ^{dxxXi ~ Xidxi + 8x2X2 - %2<9x 2 ) 

Now we are ready to construct another N = 4 SCA, which are orthogonal to the one given 
in eqs. (|71~D , with the bosonic fields coming from AdS^ x S3 and free fermions ipaS defined in 
eq. (|68|) . Let us first consider all the possibilities for constructing G\ up to a normalization 
factor 

G 1 = ipik 3 + Aip 2 k + - Bdi) x + C^ 2 ip 2 + D^ x d(j) (72) 
Here, A,B,C,D are numeric coefficients to be determined. 

K + (z)Gi(w) regular determines A — 1. G\(z)Gi{w) regular determines C — 1, D — (\)^ ■ 
Now consider the OPE K~(z)G\(w). By demanding that only simple pole appear determines 
B = k' — l. Now Gi is determined up to a normalization factor. By su(2) x su{2) automorphism, 
G 2 and Gi, G 2 can also be determined. Finally we have 

Gt = ^[ipik 3 + ^ 2 k + -(k'- l)9^ + «2^2 + (^)^i90] (73) 

G 2 = ] j^[-^ 2 k 3 + i; 1 k--(k'-l)d^ 2 + ^ 1 ij 1 + (^)^ 2 

Gi = y^^ 3 + ^~ + (^-i)#i+^ 2 «i-(|)^i 

G 2 = \/|HM; 3 +^ 1 k + + (k'- 1)^ 2 + -(y)^ 2 



It is easy to check 



K A (z)G a (w) = + (74) 



z — w 

h \ z)G a (w) = _i^l^ 4 

z — w 



And 



K\z)K\ W ) = + + (75) 

{z — w) z z — w 

„ , ^ , x 2T 2a A dK A Aa B K B 4(^-1) 

z — w z — w [z — w) z [z — w) 6 

mi \ri 1 \ Ga 3/2 G a 

T(z)G a {w) = h t r~ + 

z — w (z — wY 



Here 

T = ^k A k A + ^(d^ x - + &M 2 - ^ 2 # 2 ) - \dm + ~ 1)5 2 (76) 

The central charge of this spacetime Virasoro algebra is c = 6(k' — 1). 

Considering the direct sum of the two orthogonal N = 4 SCAs constructed above, we get 
our final N = 4 SCA on the space AdS$ x S3 x T 4 with the central charge c = 6k', the desired 
result. 



G%n = \ ~ <fdz{G a + G a )e^z^ (77) 

G% n = ^jdz{G a + G a )e^z^ (78) 

K l n ot ' A = j> dz[K A + K A )e gn z pn (79) 

L? = ydz[(T + f)e^ +1 ] + ^(p-^)5 n , (80) 

where c = 6k'. The L n should be equivalent to that in eq.fl55|), then we get k! = k 



4.2 Orbifold Sym p M /Z p as the Target Space of N = 4 SCFT 

Superstring theory on AdS% space defines a spacetime N = 4 superconformal field theory living 
on the 2d boundary of AdS 3 . Let us denote the target space of the spacetime superconformal 
field theory for p = § r y~ 1 d r ) = 1 by M.. We shall show in this section that for general integer 
p, the target space is the orbifold Sym p Ai/Z p , where, Sym p means symmetric product of p 
objects, and Z p is the cyclic group of order p. In the following we sketch the proof. 

Let us first consider the N = 4 theory on the space Sym p A4, which consists of p copies of 
subspace A4, labeled by Ai\ i = l,2,---,p. On each M\ we have an independent N = 4 
theory corresponding to p — 1, which are constructed by the holomorphic fields living in the 
transversal space in the light-cone gauge. In our case, those fields are K A, \ ip z a , x l a , dX N, \ 
which we denote collectively by J A)% . The generators of the iV = 4 SCA on Ai l , such as 
T l , G l a , K A ' 1 are collectively denoted by T A '\ with the generators of the total N = 4 SCA on 
SyrripM. given by 

T A = Y J T A,t (81) 

i 

Now consider the iV = 4 theory on Sym p M./ Z p . The Z p cyclic group is an Abelian group 
generated by a single element A, X p = identity. A J acts on the J A ' % by shifting the i index 
by j units: J A,% — > J A,%Jr K Gauging by the Z p action means that the J A,v s are defined up 
to Z p actions. That is to say, j7" A,i 's admit a Z p hololomy around a non-contractable loop in 
z complex plane, which represents the AdS^ boundary. For example, a possible choice of the 
boundary condition could be 

J A '\ze 2m ) = J A ' i+j {z) (82) 

It turns out that any given choice of j in eq . (|82|) results in an equivalent theory. Thus it suffices 
to consider the conjugacy class of the Z p action, which can be represented by a single element 



A corresponding to j = 1 in eq. (|82|) . It is convenient to diagonalize the Z p action in 
Define: 



conversely we have 



A = e 2ni/p 

A.i 



p-l 

K m = j2 x~ ij K 

p-l 

d<p® = \- ij d<p* 

i=0 

p-l 

i=0 

VP i=o 
i p-i 



y\j) 



K 



A.i 



1 



P-l 



- y \ ij K A '^ 



p-l 



9X n,3 = ±Y\ii d x N >® 

Pto 
yP i=o 



From eq . fl82|) by setting j = 1, we can read off the mode expansions for J '^\z 



K A,[i] 


w 


- 2^ n n-i/p Z 
nSZ 




w 


_ V ~-n-l+i/p 
— a n-i/p Z 
nSZ 


dX N ^ 


(2) 


— a n-i/p Z 
nSZ 




(*) 


t—d a,n—±—i/p 

nez 




(*) 


— \^ C W z -n+i/p 
l-^ a,n—i—i/p 



From the mode expansion in eq.(^), it can be seen that the normalizations in eq. 
chosen in such a way that 



And similar commutation relations for at} ■ a^}, m , 1 ... Those commutators are to 

n—i/pi n—t/pi a ^ n —4-—ijp 

be compared with that of the N = 4 theory with the target space Ai, for which, we have the 
mode expansions 



Compare eqs.flSED with eqs.( 



K\z) = 


E <*- n - x 

neZ 


(88) 


d<f){z) = 


neZ 




dX N (z) = 


E af^ 1 
nez 






E^,n-I^" 

nez 




we are led to the following isomorphism: 




K A,[i] 
n—i/p 


-> ^ A . 

pn—i 


(89) 


[*] 

a n-i/p 


* Ojpn—i 




N,[i] 
a n-i/p 


-> a w 

pn — i 




<j i • / 

a,n— 2 — i/p 


a,np— jP — * 




c H 

a,n— ~ — i/p 


— ► r 1 

a,np— 2 





Depending on p even or odd, for N = 4 theory on Sym p M./Z p with NS boundary condition, 
we need to define aiV = 4 theory on Ai with Ramand or NS boundary condition. 

Now we are ready to express the generators for the total N = 4 SCA on Sym p Ai/Z p , eq.(|5T]), 
in terms of the Z p twisted fields in eq. (|86|) . Notice that when the fields J A ^ are twisted, the zero 
mode of the energy- momentum tensor acquires a shift, similar to the anomalous transformation 
of the energy-momentum tensor under the conformal transformation z —>■ z?, cf. eq.(^). For 
simplicity, let us consider the T(z) in eq.flTop as an example. 



T(z) (90) 



z 



-2 



t,/ a • 2 K TaTa Ta Ta T T ' 2k' 



i.U P K / 



E^^'-w 



2 M 



p 2k 



Y: k^WfcS + ^vM 1 - - h^w*)} + (^)kk' - i)# 



Substituting eq. (|89|) into the last line of eq. (|90|) and making similar changes on T(z), we 
arrive at the eq. (|80"D . Similar relation holds for G a (z), K A {z). Thus the N = 4 SCA defined 
in eqs.( [f^ - |80|) in fact defines a theory on the target space Sym p M./Z p . 



5 GS Superstring Theory on Ad S3 x S3 x T4 Spacetime 
with NS-NS Background 



In the the section Introduction, we have briefly discussed the difficulty arising, when quantizing 
the Green-Schwarz type superstring theory on AdS% x S3 x T 4 , due to the high nonlinearality 
of the equations of motion. In this section, we shall describe how to generalize the light-cone 
gauge choice to the case of GS string theory on AdS^ space, in which we get linear equations 
of motion. In the present paper, we shall only consider the case with pure NSNS background. 
The RR charged one is more complicated and deserves a separate consideration p5|j 

The action for the GS string theory on the space AdS$ x S3 x T4 has been presented in 
refs.[|], Q, Here, following ref.0 and using the convention adopted in Appendix A, we write 
down the k symmetry fixed GS superstring action in pure NSNS background. 



S = -\J d 2 a{(V99 i3 + e^r 2 ^ + \{^ L d^ L - d^M (91) 

+ V99 ijl ^[r' 2 d i rd j r + tr(d ig d jg - 1 )] + 5 rs d iZ r d 3 z s } 
3 J m z l l s 

where, z r are the bosonic fields on T 4 , and g is a group element of SU (2). Using the projective 
coordinate of S 3 (the group manifold of SU(2)), eq.(|9l|) becomes the same action in ref. 0. 

In ref. 0] , the final form of the action involves only pure RR background and the spinors do 
not conform to our convention. In the following we shall describe how the k symmetry is fixed 
leading to the same action as in eq. (|91|) , in the case when pure NSNS background is considered. 

In particular, we shall show here, that the gauge choice in ref.|8|] 

0n- = l(t IJ -K IJ lRlR )6 J R = (92) 

is just the light-cone gauge choice for the spacetime spinors. Here the lower index R refers to 
the gamma matrices and spinors in ref. . 

Now we rewrite eq.(p2[) in our convention 



9i = T 9 R _ (93) 

= \{8 IJ -ie IJ T^ lRlR T)9 J 
= 

i.e. 

e[ + iei 1 = e{- iei 1 = o (94) 

And 

el - idi 1 = e{ + iBl 1 = (95) 



Set 



IpRa 



+ i9, 



(96) 



id 



>R 







(97) 



Then eqs.(Hj9|) lead to 

t+^jr = v + ^ L = r-^L = r-^ 

where T+ = T 1 + V 2 and r~ = T 1 - T 2 . 

Here we ignore the indices of the spinor representation of su(2). We realize that eq.fl9"?D is 
the same as fixing the k symmetry in the light-cone gauge for the spacetime spinors in the flat 



spacetime, cf. [15 



Using ipR, ipi, ijj R , ip L to denote the nonzero component of the spinors, then the action in 
ref.H with pure NSNS background can be written in the same form as given in ref. M. 



To compare eq. (|9~T|) with the NSR string, we introduce an auxiliary field (3 as the Lagrange 
multiplier. The action, eq. Q9"ip , then becomes 



S 



lr -2 

- / dzdz{— (3f3exp( 0) + fi[dx 

2 J a + 

+(3[dx~ + k^ R d^R - ^M*)] + 



(91 



- / d'ay/gg^tridigdjg-^+diz'djz' 



i 

+ - 



where 



t ^ d'x-e^trig-^gg-'djgg^dkg) 



2k 



■ a + log r and a + — ^ — 

The S 3 part of this action is just a WZNW model in £77(2) group manifold. Because the 
radiuses of AdS^ and £ 3 are the same, it is obvious that the sl(2, R) and su(2) currents have 
the same level, as expected from subsection P . 

Regarding f3/3exp(^^-) as a screen charge, we get the the following linearized equations of 
motion for free bosons and fermions. 



(99) 



<9/3 = 


dp = 




Bij L = 


dipR = 





d$ L = 


dipR = 





dx + = 


dx~ = 






It is clear now that the light-cone gauge choice for the spinors in the GS type action is self 
consistent, and we can quantize the action by introducing OPE of free fields. Fixing the k 
symmetry is equivalent to fixing the redundant fermionic degrees of freedom, just as what we 
have done in the light-cone gauge quantization of the NSR string. Now the bosonic part of 
this action is the same as NSR formulation. So, in AdS% x £ 3 x T 4 spacetime, GS string in 
pure NSNS field background is equivalent to NSR superstring, as can be seen by taking the 
light-cone gauge. The rest part of quantization procedure goes exactly the same way as the 
light-cone gauge quantization in the NSR formalism. 



6 Conclusions and Discussions 



In conclusion, we have presented the light-cone gauge quantization procedure for strings prop- 
agating on AdSs space charged with NS-NS fields. The procedure works in that we get the 
right spacetime conformal anomalies for critical bosonic string as well as superstrings. The 
N = 4 spacetime superconformal algebra arises in a natural way for light-cone gauge fixed 
superstrings, both in NSR and GS formalism. Further, we have proven that in our light-cone 
gauge choice, the resulting theory is unitary, hence a well define quantum theory. 

To quantize superstring theory charged with R-R fields, it seems more appropriate to for- 
mulate the string theory in a way with manifest spacetime supersymmetries, as what has been 
done in refs.|| ||. However, the classical equations of motion derived this way are highly 
nonlinear, posing difficulties in choosing a convenient quantization procedure. The same non- 
linearity problem in the case of flat spacetime is solved by choosing a light-cone gauge. We 
believe that in the case of conformal invariant background such as AdS$ x S3 x T 4 or AdS§ x S5, 
a generalized light-cone gauge choice can always be found. The case with NS-NS background 
worked out in this paper provide just an example, and such quantization procedure should be 
generalizable to the cases involving R-R charges. Currently, we are making progress along such 
directions. |25| 

In the present paper, we are assuming that the worldsheet theory corresponding to the AdS% 
space is a standard WZNW theory. However for p > 0, the holomorphic conformal scalar field 
7 vanishes at the worldsheet origin, and (3, which has conformal weight one, is singular at the 
origin. In fact, 7(2) ~ z p , (3(z) ~ z~ p ~ l when z — ► 0. This is equivalent to the shifting of the 



Bose sea level, and hence shifting the vacuum state in the WZNW theory, cf. [IB|. That would 
has some effects when coming to the calculations of the correlation functions on the worldsheet. 
Such point is not elaborated in our present paper and will be left for future discussions. 

Note Added: After the completion of the present work, we became aware of the paper, ref.pl . 



the authors of which found essentially the same target space for the N = A SCFT as what we 
presented in Sec. 4. 2 from a different approach. 
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Appendix A 

The N = 2 SUSY algebra su(l, 1|2) 2 , cf. ref.g, can be presented as 

{Qi, Qj} = 2Su(iP al A - Pa>l a ') + eu(Jabl ab - J a i b >J a ' b ') 

i 1 

[Pa, Qi] = --^UlaQj [Pa', Qi] = ^Ula'Qj 

[Jab,Ql] = -^labQl [Ja'b>,Ql] = —jla'b'Ql (100) 

i - - 1 - 

[Pa, Qi] = ^Qj^JHa [Pa', Q i] = -^Qj^JI^a' 



[JabiQl] — -Qjlab [Ja'b'iQl] ~ ^Qjla'b' 

[Jab, Jcd] = VbcJad + VadJbc ~ VacJbd — VbdJac 

[Ja'b'i Jcd'] = 5b'cJa'd' + Sa'D'Jb'c — Sa'C'Jb'd' — Sb'd'Ja'c 

Pa — Joai Pa' = Joa' 

where, Qi aa ' are the 2 complex chiral 6D spinors, with 1 = 1, II, a = 1,2, a' = 1, 2. The 
convention we use here is 

A,B,C,D = -1,1,2,3 f]AB = (-1, -1, 1, 1) 
A', B', C, D' = 0, 4, 5, 6 TjA'B' = (1, 1, 1, 1) 

a, b... = 1,2,3 ?u = (-1,1,1) (101) 
a',b'... = 4,5,6 r] a ' b ' = (1, 1, 1) 

7 3 = -a 3 7 1 = ia 2 7 2 = a 1 

7 4 = a 1 7 5 = a 2 7 6 = a 3 

In the following we use 7 , 7°' to represent 7° ® 1 2 , 1 2 <8> 7° resp. 

The Dirac matrices 7° used here is a little different from that in ref. ||. That means we use 
another basis of the spinors. If we use Q R representing the SUSY charge in ||, the relation 
between these two conventions are 

Q = TQ R 6 = T- l 9 R (102) 
7 3 = -T lR T- 1 7 1 = T lR T- 1 7 2 = T lR T- 1 

where, T is a unitary transformation of the spinors. 

T = ( T -1 ) < 103 > 

From now on we separate the bosonic part algebra so(2, 2) x so(4) as (so(l,2) x so(3))t x 
(so(l,2) x so(3)) R , and just concentrate ourselves on the left-moving part only. 

The algebra can be written as 

J 2 = -fai + J-12) K 5 = - % -(J 64 + J 05 ) (104) 

(105) 

Actually, so(l, 2) is equivalent to sl{2, R), so we can write the algebra as L , L x , L_i. 

L = tJ 3 L ±1 = %{J X ± J 2 ) (106) 

The super charges can also be combined to form a left-moving one, 

Qaa> = -^ij-Qlaa' + Qllaa') (107) 



It is easy to check 



[J\ Qaa'] = [J a , Qaa'} = —Qacff (108) 

[K a \ Qaa'] = ~\i a Qaa' Q] = ^'7° 



2 ' " ' ^ J 2 

Set 



Gi a , = Qi a i G_i a , = Qi a ' (109) 
G_± a i = Q%a! Gi a , = —Q 



2 2 



2a' 



Lq, Li, if a ' and G, G close an algebra 

[L , L±i] = T^±i ^-i] = 2L (110) 

[L n , G>] = (-n - r)G n+m 

[G r , Gg] = 2L r+s + 2(r - s)cr a ijf +s 

which is exactly the left-moving part of the global N = 4 SCA in NS sector. 

Extending this 6D super algebra to 10D is straightforward. The (9 + 1)D gamma matrices 
can be expressed using 7°, Y , Y ■ 

T a = T a ® (1 2 ® 1 4 ) ® a 1 (HI) 
r a ' = 1 2 <g> ( 7 a ' <g> 7 5 ) <g> a 2 

r = i 2 ®(i 2 ®7 r )®^ 2 

where Y (r=7,8,9,10) are the 4D gamma matrices, and 7 5 = 7 7 7 8 7 9 7 10 . And the preceding 
discussions on the relation between the superalgebra su(l, 1 1 2) 2 and the global part of the 
N = 4 SCA go over to the 10D case. 
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